
 1 

Quantitative Trait Loci Mapping Using A Least Squares-
Based Method

Jan Fredric K. Bernabe 
Algorithms and Complexity Lab 

Department of Computer Science  
University of the Philippines Diliman 

jkbernabe@gmail.com 
 
 
 

Anna Karen Michiko C. Ilano 
Algorithms and Complexity Lab 

Department of Computer Science  
University of the Philippines Diliman 

akmilano@yahoo.com 
 

Jan Michael Yap 
Algorithms and Complexity Lab 

Department of Computer Science  
University of the Philippines Diliman 

janmichaelyap@gmail.com 
 
 

Jhoirene B. Clemente 
Algorithms and Complexity Lab 

Department of Computer Science  
University of the Philippines Diliman 

jhoireneclemente@gmail.com 
 
 

ABSTRACT 
In this paper, we present a least squares-based method of 
mapping quantitative trait loci (QTL). The regression based 
model as the framework basis for building the QTL map model 
as well as to obtain the approximate quantitative effects of each 
QTL. We also present results as to the performance of our 
technique vis-a-vis a control variable derived from a popular 
software for regression-based QTL mapping. An analysis is 
given as well as some conclusions drawn from the experiment. 
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1. QTL MAPPING 
Linkage maps have been utilized for identifying chromosomal 
regions that contain genes controlling simple traits (controlled 
by a simple gene) and quantitative traits using QTL analysis 
(reviewed by Mohan et al., 1997). The process of constructing 
linkage maps and conducting QTL analysis-to identify genomic 
regions associated with traits-is known as QTL mapping (also 
‘genetic’, ‘gene’ or ‘genome’ mapping) (McCouch & Doerge, 
1995; Mohan et al., 1997; Paterson, 1996a,b). QTL mapping is 
based on the principle that genes and markers segregate via 
chromosome recombination (called crossing-over) during 
meiosis (i.e. sexual reproduction), thus allowing their analysis in 
the progeny (Paterson, 1996). There are three steps in linkage 
map construction: (1) production of mapping population; (2) 
identification of polymorphism; (3) linkage analysis of markers. 

The last step in constructing a linkage map involves coding 
data for each DNA marker on each individual of a population 
and conducting linkage analysis using computer programs. QTL 
analysis is based on the idea of detecting a connection between 
phenotype and the genotype of markers. Markers are used to 
differentiate the population into genotypic groups based on the 

presence or absence of a particular marker locus and to 
determine whether significant differences exist between groups 
with respect to the trait being measured. A significant difference 
between phenotypic means of groups (either 2 or 3), depending 
or the marker system and type of population, indicates that the 
marker locus being used to partition the mapping population is 
linked to a QTL controlling the trait. The closer the marker is 
from a QTL, the lower the chance of recombination. 
Consequently, the QTL and marker will be usually inherited 
together in the progeny, and the mean of the group with the 
tightly-linked marker will be significantly different (P <0.05) to 
the mean of the group without the marker. Selection based on 
two markers should be more reliable than selection based on a 
single marker. This increased reliability comes from the idea 
that there is a much lower chance of recombination between two 
markers and QTL compared to the chance of recombination 
between single marker and QTL. The most tightly-linked 
markers or each side of a QTL are known as ‘flanking’ markers 
[3]. 

C.S. Haley and S.A. Knott created a simple regression 
method for mapping quantitative trait loci in line crosses using 
flanking markers. They show that it is possible to fit flanking 
marker models for the detection of QTL by regression and that 
the method gives very similar results to the maximum-likelihood 
method. The relative simplicity of the regression methods 
enabled models with more than a single QTL to be explored [7].  
They give examples using two linked loci and of two interacting 
loci. For models involving more than one QTL, they show that it 
can be fitted in the similar manner. 

They applied a model, which assumes a QTL (Q) lying 
between two co-dominant markers (A and B). It is developed for 
mapping in the F2 generation of a cross between two inbred 
lines which carried three different alleles for all three loci. The 
two inbred lines crossed results to genotypes A1A1Q1Q1B1B1 and 
A2A2Q2Q2B2B2.These are under the assumption that the variance 
within the three QTL genotypes is the same and also normally 
distributed. Genotypic effects of the three QTL genotypes 
possible are set at m + a, m + d and m - a for Q1Q1, Q1Q2 (or, 
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equivalently, Q2Q1) and Q2Q2, respectively, where m is the mid-
parent (mean of the homozygotes) and a and d are additive and 
dominance deviations. The recombination fraction between the 
flanking markers is assumed known and fixed at r, which is r = 
rA +rB – 2rArB.( rA is the recombination fraction A and Q and rB 
for the recombination between Q and B). Haldane’s mapping 
function is then used to convert distances in Morgans to 
recombination fractions. Afterwards, expected mean in terms of 
the putative QTL for each marker genotype were readily 
derived. For a given interval between two markers, numerical 
values coefficients a and d for each given marker genotype can 
be calculated for a putative QTL at a number of positions 
between two markers. They used multiple regression to fit the 
m, a and d for each position separately using the numerical 
values as coefficients for a and d.  From this, estimates of a and 
d, as well as giving regression and residual sums of squares and 
mean squares allowing the calculation of regression variance (F) 
ratio and thus, a test for a and d. The one, which produces the 
smallest residual square, produces the best fitting model where 
they find the most likely position of a QTL and it best estimates 
its effect.  

 

2. SINGULAR VALUE DECOMPOSITION 
AND THE PSEUDOINVERSE 
Singular Value Decomposition (SVD) is a concept in linear 
algebra stating that any matrix A can be decomposed into three 
matrices [2], that is 

Where, 

U is an orthogonal m×m matrix where the columns of U ( i) are 
orthonormal bases of AAT. 

V is an orthogonal n×n matrix where the columns of V ( i) are 
orthonormal bases of ATA. 

∑ is an m×n matrix containing the singular values ( i) of A in 
its first r diagonal entries and the rest is 0. 

      The application of SVD is usually on dimensionality 
reduction, which entails the reduction of (independent) random 
variables in a model [9]. An example of this would be the work 
of F. Guillon, et al. wherein they used SVD to simplify their 
study about similarity searching in large databases and using 
SVD's dimensionality reduction capability to obtain only 
necessary data for their research [6]. Another popular example 
of dimensionality reduction using SVD is the so-called Latent 
Semantic Analysis (or Indexing) [4] wherein SVD is used as a 
means to augment text mining as in recommender systems [8]. 
One application, which will be of interest for our case, is the use 
of SVD to compute the pseudoinverse of a matrix.  

     The pseudoinverse is computed when a matrix, let’s say A, is 
singular or non-invertible. Given the singular value 
decomposition of A: 

A = U∑VT, 

The pseudoinverse of A is simply 

A+ = V∑+UT 

where ∑+ contains the reciprocal of the non-zero elements in ∑. 
If A is an invertible matrix, A+ = A-1 [5]. 

 

3. LEAST SQUARES-BASED METHOD 
FOR QTL MAPPING 
The method for QTL mapping proposed in this paper is based on 
the least squares solution of a system of equations. We use the 
regression model as described in [7] as the framework for QTL 
mapping, and then translate it as a linear system Ax = b, where 
A is the approximate effect and b is the deviation per sample. 
Given the system Ax = b, where A is an m x n matrix (m 
samples, n QTLs) where each entry is the summed QTL additive 
and dominant effects and b consists of the phenotypic deviation 
per sample, we then solve for the least squares solution x = A+b, 
where A+ is the pseudoinverse of A. Now that we have solved 
for x, we use the values to discriminate which QTLs would be 
included in the regression model. The idea is to treat the ith entry 
in x as the "magnitude of contribution" of the ith QTL in the 
deviation of the phenotype. To decide whether to include the ith 
QTL or not, we take the absolute value of entry i in x and check 
whether it is above or at least equal to a certain threshold. The 
absolute value is used as the effect of the QTL may be negative, 
which somehow denotes some inhibitory effect on the 
phenotype and is still regarded as a contributory effect to the 
trait. The threshold can be arbitrary and later in the presentation 
of results, some examples as to how this can be derived is 
shown. If the absolute value of the ith entry of x is above the 
threshold, then we include QTL i (corresponding to the ith 
column of A) to the regression model, otherwise exclude it. 
 

4. DATA 
The dataset used is based on the QTL Cartographer format 
dataset file downloadable from http://www.maizegdb.org/qtl-
data.php. It is composed of marker genotype and quantitative 
trait values representing drought stress response of maize 
samples. The experiment adhered to the assumptions of the 
regression-based QTL mapping technique using flanking 
markers [7]. Here, it is assumed that putative QTLs are flanked 
by markers, and the additive and dominance effects of each QTL 
can be approximated via the genotypes of the QTL and its 
flanking markers, and the recombination fraction of which is 
approximated via a function of the distance of the QTL to each 
of its markers. Here, Haldane's mapping is used as in [7]. To 
simplify things, we assume that the markers themselves are the 
QTLs, and that adjacent markers correspond to a marker/QTL's 
flanking markers. Another simplification done is that the 
additive and dominant effects were summed to represent the 
"approximate" effect of each QTL - this is valid since the effects 
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are to be summed anyway once the regression model has been 
built. Finally, the vector for the phenotypic values was created 
by subtracting the mean phenotypic value from all entries, thus 
representing the approximate deviations for the phenotype per 
sample. For this particular experiment, the phenotype used is the 
2nd subset denoting time from sowing to male flowering where 
in samples (from Mexico) were subjected to water stress 
(denoted as MFLW-WSM2 in the file). The first 100 samples 
with non-erroneous values (i.e. numeric) were taken as samples 
to be used in the experiment. 
 

5. RESULTS AND ANALYSIS 
The dataset was subjected to two processes: MIM forward 
search and Least Squares method. For each scenario, the number 
of inclusive QTLs, the Residual Sum of Squares (RSS), and the 
Akaike Information Criterion1 was computed as seen in Table 1. 
The first scenario was produced using QTL Cartographer’s 
MImapqtl submodule via its forward search algorithm. The 
result is thereafter used as control.  In the next five scenarios, 
specific threshold values were used to discriminate QTL effects 
that are to be included in the regression model.  The idea is that 
if the solution vector entry exceeds the threshold value, then its 
corresponding QTL (effect) is included in the regression model. 
For the last three (3) scenarios, the same solution vector was 
normalized and the threshold values were computed based on a 
function applied to the minimum (denoted as min) and 
maximum (denoted as max) entries in the normalized vector 
respectively. 
 

Table 1. Statistics for MIM forward search and Least 
Squares Based Method at multiple thresholds with the 
included QTLs, corresponding RSS and AIC value results. 

 Number of 
inclusive 
QTLs 

RSS AIC 

MIM forward search 3 716.12 202.867756 

LS (threshold = 0.5) 60 80,088 788.571112 
 

LS (threshold = 0.8) 31 21,316 598.204306 

LS (threshold = 0.9) 21 10,949 511.583322 

LS (threshold = 1.0) 15 5,570.50 432.006991 

LS (threshold = 1.1) 12 3,974.9 392.258468 

LS (normalized, threshold = 
(max + min)/2) 

101 213,280 968.519095 
 

LS (normalized, threshold = 
(max - min)/2) 

1 396.51 139.753108 

LS (normalized, threshold = 
min(max, abs(min))) 

4 736.06 207.614145 

 

                                                                    
1 Akaike Information Criterion (AIC) – is a measure of goodness of fit 

of a statistical model taking into account the RSS, number of samples, 
and number of free parameters. This is usually a criteria used in model 
selection [1]. In our case, we use the simplified version of the AIC 
where the formula is 2k + n(ln(RSS/n)), where k is the number of free 
parameters (i.e. included QTLs)  and n is the number of samples [1]. 

Although the AIC is a good indicator of the goodness of fit 
of the model, there is also a need to check the number of 
parameters (i.e. QTLs) in the context of this experiment. It is 
possible that the AIC value maybe low indicating a good model, 
but the number of QTLs may be too few which can be an 
unrealistic scenario.  This is seen in the second to the last 
scenario, where the AIC is the lowest, but there is only 1 QTL 
included. Conversely, both the number of QTLs and AIC may 
not be sufficient to determine a good model.  Consider the fourth 
and fifth scenario: they differ slightly in terms of number of 
QTLs (21 vs. 15) and AIC values (511.583322 vs. 432.006991) 
but they differ greatly in terms of RSS (10,949 vs. 5,570.50).  

The model of best fit using the technique is therefore a 
good balance between the three measures. This is exhibited by 
the last scenario wherein it had a good number of QTLs, 
relatively low RSS and AIC values. Therefore, the normalization 
of solution vector and the use of the discriminant value by 
taking the minimum between the maximum entry and absolute 
value of the minimum value of the normalized vector is a good 
way to compute for the threshold based on the three measures.  

 

6. CONCLUSIONS 
Here, we have introduced a method of QTL mapping via the 
solution vector computed using pseudoinverse of the QTL 
effects. Again, the solution vector, subject to some threshold, is 
used as a discriminant to determine which QTL effects should 
be included. We also showed that the model of best fit that is 
generated by the technique would be one that balances good 
number of QTLs included in the model, low sum of square of 
errors and low AIC values. As such, this was the model 
generated where the solution vector is normalized and the 
thresholding value is the minimum between the maximum entry 
and absolute value of the minimum value of the normalized 
vector.  Further improvements and research can be made to the 
endeavor by analyzing the algebraic properties of the technique, 
as well as finding out whether a function exists that will 
compute the optimal threshold for any scenario. 
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